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ON K ,(Z/p*Z) AND RELATED HOMOLOGY GROUPS
BY
LEONARD EVENS AND ERIC M. FRIEDLANDER'

ABSTRACT. It is shown that, for p = 5,
R=17/p*Z,Ky(R) =Z/p*Z+Z/(p*—1)Z

and K4(R) = 0. Similar calculations are made for R the ring of dual numbers over
Z/pZ. The calculation reduces to finding homology groups of SI(R). A key tool is
the spectral sequence of the group extension of SI(n, p?) over Sl(n, p). The terms of
this spectral sequence depend in turn on the homology of Gl(n, p) with coefficients
various multilinear modules. Calculation of the differentials uses the Charlap-Vasquez
description of d2.

Introduction. In this paper we shall show that, for p = 5,
Ky(2/p*Z) =Z/p*L DL/ (p* — 1)L
and
K,(Z/p*Z) = 0.
These groups can be determined from the integral homology groups of SL(Z/p*Z).
The prime to p homology has been calculated by Quillen. In this paper, we shall
calculate the p-primary component of H(SL(Z/p*Z),Z) for r = 1,2,3,4.

Our method is to consider SL(n, p?) as an extension of SL(n, p) and to use the
Lyndon-Hochschild-Serre spectral sequence. To determine the E? term of the
spectral sequence requires rather extensive calculations of homology for GL(n, p)
with coefficients in various modules associated with its multilinear algebra. (For
example, we show for p = 5, n = 2, that H,(GL(n, p),V, N V,) = Z/pZ where V,, is
the module of n X n matrices of trace 0.) To calculate the differential d2 in the
spectral sequence, we restrict to the case n = 2 and use the theory of Charlap-
Vasquez. That theory splits d* into two terms, one determined by the group
extension and the other by the corresponding split extension. d2 for this split
extension is calculated by cocycle calculations in an explicit double complex.

With minor modifications, our calculations also apply to the split extension
SL(n,Z/pZe]l) - SL(n,Z/pZ) where Z /pZ]¢] is the ring of dual numbers. We thus
obtain the additional results

Ky\(Z/pZle]) =Z/pZ®L/pLO L/ (p* — 1)Z,
K(Z/pZ[e]) =0 (p=5).

Received by the editors February 29, 1980 and, in revised form, July 8, 1980.

1980 Mathematics Subject Classification. Primary 18F25; Secondary 20J10, 20J06.

Key words and phrases. K-theory, homology of groups, Lyndon-Hochschild-Serre spectral sequence,
Charlap-Vasquez theory, linear groups, dual numbers, Z/p*Z.

! Partially supported by the National Science Foundation.

© 1982 American Mathematical Society
0002-9947/81/0000-1021/$12.50



2 LEONARD EVENS AND E. M. FRIEDLANDER

We gratefully thank Stewart Priddy and Brian Parshall for many valuable con-
versations. We also thank Victor Snaith for suggesting in his study of the analogous
questions for p = 2 that K-groups might be determined by direct computation.
Above all, we wish to thank the referee for his careful reading of the paper. In
particular, he told us how to remove unnecessary (and annoying) conditions from
the crucial Propositions 7.6, 8.1, and 8.4.

Table of notations. p: a prime = 5, unless otherwise noted.

F=1Z/pL.

F[e] = F[ X]/(X?) = the ring of dual numbers over F.

GL(n, p) = the group of n X n nonsingular matrices over Z/pZ. GL(n — 1, p) is
imbedded in GL(n, p) in the upper left-hand square. Similarly, GL(n, p?), SL(n, p),
SL(n, p?) are defined as usual. SI(Z/pZ) and SL(Z /p*Z) are the infinite limits.

SL: a related group defined in §2.

M, : the module of n X n matrices over F. GL(n, p) acts by conjugation.

V.. the submodule of M, of matrices of trace 0.

/¥ A: the k-fold wedge product over F of the vector space A.

S*A: the k-fold symmetric product over F of 4.

A o A: the 2-fold symmetric product. a o b denotes a typical generator.

A = Homg(A4,F).

B,: the subgroup of GL(n, p) consisting of all upper triangular matrices with
nonzero diagonal terms.

U,: the subgroup of B, consisting of all upper triangular matrices with 1’s on the
diagonal.

H,: the torus subgroup of B, consisting of all diagonal matrices with nonzero
entries.

W,_,: the n — 1 dimensional vector space F"~'. W, | is imbedded in B, as the
matrices with 1’s on the diagonal and all other entries O except those in the last
column. Then W,_, is a normal subgroup of U, and conjugation yields the usual
action. Elements u of W,_, are considered column vectors, elements f of W,_, are
considered row vectors, fu is a scalar, and uf is a matrix.

C,: the normal subgroup of B, consisting of all matrices with I’s in the first n — 1
diagonal positions, a nonzero entry in the last diagonal position, and zeroes
elsewhere except in the last column. C, is the semidirect F* X W, |, where F* acts
on W, _, by multiplication by the inverse.

e,;: the matrix with 1 in the J, j-position and zeroes elsewhere. The diagonal
matrix (¢, f,,...) actson e, as t,t; .

i~ € T Citri+nr

[G, A]: for a G-module 4 (G a group), the submodule generated by all g(a) — a.

X ®zy) A: X and A4 are supposed left V-modules and vx ® va = x @ a. If V'is
written additively, vx ® a = x ® (—v)a.

[v,, v,,...,0,]: a typical basis element for the standard Z[V ]-free resolution X of
Z. For r =0, [-] denotes the single basis element. d[u] = u[-] — [-] (see §11). On
occasion, the image in X ® 7, F is denoted by the same symbol.
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x N ¢: the Pontryagin product H (V,F) ® H (V,F) - H_(V,F) induced by the
multiplication homomorphism V' X ¥ — V for V an abelian group. The cup product
in H*(V,F) is denoted simply by multiplication.

8: H(V,Z/pZ) - H'*\(V,Z/pZ) is the Bockstein morphism, i.e. the connecting
homomorphism arising from the exact sequence 0 > Z/pZ — Z/p*Z — Z/pZ — 0.

p(v): the element of H,(V,F) represented by 2;’;' [v, jol. p: V> Hy(V,F) is a
monomorphism.

H/(,; p) the p-primary component of the relevant homology group.

CHAPTER 1. THE BASIC ARGUMENT
1. Reduction to p-primary homelogy. From Quillen [Q], we know

HUEpn.D =3 (g o
/(PP —1Z, r=3.
Since for each n, Ker{SL(n, p*) » SL(n, p)} is a p-group, it follows that
H(SL(Z/p%*Z),Z; 1) = H(SL(Z/pZ),Z; 1), |+#p.

On the other hand, we shall show as a major result of this paper
THEOREM 3.4. Forp =5,

H,(SL(Z/p*Z),Z;p) = {%/pzz, T ;f2’4’
Hence, we have
COROLLARY 1.1.

H(SL(Z/p*Z),Z) =0, r=1,2,4,

Hy(SL(Z/p’Z),Z) =Z/p*Z ® Z/ (p* — 1)L.

From this we obtain our main result.

THEOREM 1.2. Let p = 5. Then
K\(Z/p*Z) =Z/pZ®Z/(p— 1)Z, K,(Z/p*Z) =0,
K(Z/p°2) =2/p*ZO L/ (p* — 1)Z, K, (Z/p*Z)=0.

Note. K, has been calculated by Milnor [M], K, by Bass [B].

PrOOF. We recall that the K-groups of Z/p? are defined to be the homotopy
groups of (BGL Z/p*)* , where ()" is the Quillen plus construction with respect to
the (perfect) commutator subgroup of the fundamental group (see [W]). By Corollary
1.1, H(BSL Z/p*) = 0 so that SLZ/p? is the commutator subgroup of GLZ /p?.
This implies that (BSLZ/p*)* is the universal covering of (BGLZ/p?)* [W].
Consequently,

K\(Z/p*) = m((BGLZ/p?)" ) = (GLZ/p*)/ (SLZ/p*) ~Z/p — 1 ® L /p,

K(Z/p?) =n((BSLZ/p?)") fori>1.
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Because BSLZ/p* —» (BSLZ/p?)* is a homology equivalence, Corollary 1.1 and the
Hurewicz theorem imply that

m((BSLZ/p?)" ) = Hy(BSLZ/p?) =0,
m((BSLZ/p*)" ) = Hy(BSLZ/p*) = Z/p* — 1 ® Z/p* = 1.

Moreover, because (BSLZ/p*)* - (BSLZ/p)* is an l-equivalence of simply con-
nected spaces for primes / # p, m,(BSLZ/p*)*; I) > m,(BSLZ/p)" ; /), and the
latter is zero by [Q]. Hence, m,(BSLZ/p*)* ) = m,(BSLZ/p*)* ; p).

Let (BSLZ/p*)* - K(II, 3) be the natural 3-equivalence obtained by attaching
cells to (BSLZ/p*)* to kill the homotopy groups above dimension 3 and let F
denote the homotopy fibre of this map. The Hurewicz theorem and the long exact
homotopy sequence imply that F is 3-connected and m,(BSLZ/p*)*) = m,(F) =
H,F). For p=3, H(K(I1,3),Z/p) equals Z/p for i = 3,4 and equals 0 for
i = 5,6 [C]. Consequently, the Hurewicz theorem and the universal coefficient
theorem imply that

Hy(K(I1,3)) ~ m(K(I1,3)) = Z/ (p* — 1) @ Z/p%,
H,(K(11,3),Z; p) = 0, 3<i<1,3<p.
Using the Serre spectral sequence
E}, = H(K(Z/p*3), H(F)) = H,, ((BSLZ/p?)" )

we conclude that H,(F,Z; p) = H,((BSLZ/p*)*, Z; p) = H(SLZ/p*, Z; p).
Consequently, Corollary 1.1 implies that

m((BSLZ/p*) ) =0. O

Similar arguments will allow us to conclude for the ring of dual numbers
Z/pZ[e|e* = 0] the following. (Use Theorem 4.1.)

THEOREM 1.3. Let p = 5. Then
H (SL(F[e]),Z) = 0, r=1,2,4,
Hy(SL(F[e]),Z) =Z/pZ® Z/pZ DL/ (p* — 1)Z.
Arguing as in the proof of Theorem 1.2, we have
COROLLARY 1.4. Forp =5
K\(F[e]) =Z/pZ®Z/(p—1Z, K, (F[e]) =0,
K(Fe) =Z/pZ @ Z/pZOL/ (p* — )Z,  K,(F[e]) = 0.
K, was calculated by van der Kallen [V].

2. Reduction to SL. Define

_ det( )P !
SL (n, p?) = Ker{GL(n, p?) e U(Z/pZZ)}.

These groups form a direct limit system, and we define
SL(Z/p*Z) = lim SL (n, p?).
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_— det()
Clearly, SL(n, p?) = Ker{SL(n, p?) s U(Z/p*Z) > U(Z/pZ)}. Moreover, for
(n’ p— 1) =1,
SL(n, p*) =SL(n, p*) X Z/(p — 1)Z,
so H(SL(n, p*), Z; p) > H(SL(n, p*),Z; p), and by direct limit
H,(SL(Z/p*Z).Z; p) = H(SL(Z/p’Z),Z; p).
In what follows, we calculate the right-hand groups for r = 1,2, 3, 4.

3. Calculation of H,(S_I:(n, p*),Z; p), r=1,2,3,4, p = 5; the basic argument. The
homomorphism #: Z/p?Z — Z/pZ induces an epimorphism =: SL(n, p?) -
GL(n, p). Its kernel consists of all n X n matrices of the form I + pA4 where
A € M(Z/p*Z) and det(I + pA)?~' = 1. However, det(] + pA)?~' =1+
(p — DTr(pA) = 1if and only if Tr( p4) = 0. Since I + pA, = I + pA, if and only
if A, =A4,mod p, I+ pA > m(A) identifies the kernel with V, = sl(n, p) = the
additive group of n X n matrices over Z/pZ with trace 0. GL(n, p) acts on the
kernel by conjugation x: T+ xTx .

To calculate the desired homology, we use the spectral sequence of the group
extension described above, or rather its p-primary component

H(GL(n, p), H,(V,,Z); p) = H,, (SL(n, p*),Z;p) (s +1¢>0).

Note that since all the relevant groups are finite, the spectral sequence does
decompose into independent primary components. Also, for z > 0, we may omit the
restriction to p-primary component since H,(V,, Z) is a p-group.

We list here the relevant homology groups of V,. The decompositions are as
GL(n, p)-modules and hold for p > 2 (but not p = 2). Also, they are natural with
respect to n. (These facts are easily established using the known structure of
H_(V,,Z/pZ) for V, an elementary abelian p-group.)

HyV,.2) =Z. H\(V,.Z)=V,. H(V,.2)=/\*V,
(H, is spanned by all Pontryagin products of elements of H\(V,,Z).)
Hy(V,.Z) = \'V, ® 5%,
H,(V,,Z) = \*V, ® Ker{V, ® A2V, > N\2V,}.
PROPOSITION 3.0. We have the following basic table of results forn = 2, p = 5.
(@) H(GL(n, p),Z; p) = H(GL(n, p),Z/pZ) = 0,1 <5 <2p — 4.
(b)
0, s=0,1,3,
H,(GL(n, p),V,) = {Z/pZ, s=2(swably,i.e. H(GL(2, p),V,)
- H,(GL(n, p),V,) is an isomorphism).
(©

H(GL(n, p), A\?V,)

0, s=0,1,
Z/pZ, s=2.
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(@

H(GL(n, p),5%,) = | 2/P: 2 = 0 (sably),

O

H(GLn, p), AW,) = (Z/0% 2 =0 (sath),
’ s=1.

() H(GL(n, p),V, ® N\2V,) = Z/pZ (stably).
(g) HO(GL(n’ P), N 4 V;,) =0.

The proof of this proposition takes up the major part of this paper. See Chapter II,
Propositions 5.1, 5.2, 7.1, 7.3, 7.5, 7.6, and 8.1-8.4.

Using this basic table, we may conclude that the E2 term of the spectral sequence
looks like:

0
ZpeZyp \0
O o| %6

In more detail, we have

PrOPOSITION3.1. (p=5,n=2)
(1) H(GL(n, p), Hy(V,,Z); p) = 0,5 = 1,2,3,4.

(i)
0, =0,1,3,
H(GL(n, p), H(V,,Z)) = { Z/pZ, j = 2 (stably).
(iii)
HS(GL(”, P)a Hz(VmZ)) = [%/pz, i z g’ b
()

H.(GL(n, p), Hy(V.,Z)) = {g/p ®Z/p, - (1) (stably)

(V) Hy(GL(n, p), H(V,,Z)) = 0.
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PROOF. (i) is a restatement of (a) in the basic table. (ii) is (b) and (iii) is (c). (iv)
follows from (d) and (e). To prove (v), consider the exact sequence 0 - Ker » V, ®
A2V, > N3V, - 0. Since H(GL(n, p), N\*V,) =0 by (e), we obtain
Hy(GL(n, p),Ker) = 0 from:

0 - Hy(GL,Ker) - Ho(GL, ¥, ® A2V,) - Hy(GL, A\*V,) -0
Il I
Z/pL Z/pZ
Since Hy(GL, A\ *¥) = 0 by (g), the desired result follows. O
To complete the calculation, we must investigate the differential:

d22,23 E22,2(Z) i Eoz,a(z)
Il |
Z/p7 Z/p®Z/p
We first consider the case n = 2. From the basic table (), for n = 2, E} (Z) =
Z/p. Moreover, we have

PROPOSITION 12.4(b). For n=2, p>3, and coefficient module Z, d, is a
monomorphism.

The proof of this fact is based on the Charlap-Vasquez theory and is discussed at
length in Chapter III.

To deal with n = 2, consider the commutative diagram:

2
d22

Ho(GL(”, p)s H3(V,,,Z)) < Hz(GL(", p) Hz(V;.»Z)) =1Z/pZ
1 )

[l

d3
H(GLQ. p). Hy(12,2) "= Hy(GL(n.2), Hy(V5,2)) = Z/pZ
We conclude that d7 , is a monomorphism for n = 2.

To continue with the basic argument, we can now conclude that the E3 term of
the spectral sequence looks like:

O
Z| O
oL ol o
o| O| %
ol o ol

It follows that for total homology H, =0, H, =0, Hy=Z/p*> or Z/p ® Z/p,
H,=0.
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To determine precisely what happens for H;, we must repeat the above argument
for coefficient group Z /pZ. We have

H(GL(n, p), H(V,,Z/pZ)) = H,, (SL(n, p*),Z/pZ).
Also, for p > 2, we have decompositions of GL-modules
Hy(V,.Z/pZ) =1/pZ,
H(V,,Z2/pZ) =V,,
H(V,.Z/pZ) =V, ® NV,
Hy(V,, Z/pZ) = NV, @V, @V, = NV, @ N2V, @57,
V, is imbedded in H,(V,,Z/pZ) as all p(v), v € V,, where p(v) is represented by
the chain 27-' [v, iv].
A*V, is imbedded in H,(V,,Z/pZ) as Pontryagin products u N v, u, v € V,, and
similarly for A\° ¥, in Hy(V,,Z/pZ).
V, ® V, is imbedded in H; as all u N p(v).
Hence, from the basic table, we have

PROPOSITION 3.2. Forp = 5,n =2,
H(GL(n, p), H\(V,,Z/pZ)) =0, s=1,2,3,4;

0, s=0,1,3,
H(GL(n, p), H(V,.Z/pZ)) = [Z/pZ, s=2;

0, s=0,1,
HS(GL(n5 p), Hz(VmZ/P)) = [ Z/p®L/p, s=2;

Ho(GL(n, p), Hy(V,sZ/p)) = Z/p @ Z/p (stably).
Again, we will show in Chapter I1I
PROPOSITION 12.3(a). d3 ,: E7 ,(Z/pZ) — E§ (Z/pZ) is an isomorphism for n = 2.

It follows as before that d, is an isomorphism for Z/pZ for n = 2. Hence,
E*(Z/pZ) looks like:

O 0| O

0 O| 26| O

o] O o| O

It follows that H3(S_L(n, %), Z/pZ) =1 /pZ. Hence, by the universal coefficient
theorem we may conclude Hy(SL(n, p*),Z; p) = Z/p*>. O
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To summarize, we may now state one of our basic results.

THEOREM 3.3. For p = 5, n = 2, we have stably

HI(SL(n pz) Z;p) =0,
Hz( P) 0,
Hs(_L(” p?) z p) Z/p’Z,
H4(§—— (n, p?) )—0.

ProOF. The only thing to check is stability for degree 3. However, we know
comparison with n = 2 yields isomorphisms for Efy,(Z) in all relevant positions.
Thus, we conclude that comparison with n = 2 yields an isomorphism also for the
relevant total homology. [

We have now proved

THEOREM 3.4. For p = 5,
0 r=1,2,4
2 . — s s &y Ty
H,(SUZ/p*).Z; ) {Z/p2z, r=3.
4. Calculations for the split extension. For the ring of dual numbers F[¢], we may
argue very much as above. Define

SL (n, Fle]) = Ker[GL(n,F[e])det(—)»p_l U(F[e])]

and

SL (F[e]) = lim SL (n, F[e]).
The latter group is related to K-theory as before. Its prime to p homology is given by
Quillen’s results. To calculate H (SL(n, Fe]), Z; p), we argue as above except that in

this case the extension 0 — V, > SL(n, F[e]) » GL(n, p) — 1 splits. The E?-terms of
the spectral sequences are as before.

ol |
ZpeZp| O] Z4,0Zf
0#<0' 26 O<O'._%Q!Z/p
ool 3| o] ol ol Zl o
ol of o]l o] ol o]l of o
€207 E*(2/p 2)

To calculate the relevant d2’s, we rely on the following result from Chapter III.

PROPOSITIONS 12.4(a), 12.3(b). For n =2, p > 3, Im dzZ_2 is 1 dimensional both for
ZandZ/pZ.
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To determine d; , for n > 2, consider the commutative diagrams

2
2,2

HO(GL(n,p),H3(V,,,C)) d‘; Hz(GL(”,P)’Hz(Vn,C))
1 i)

I
[l

43
Ho(GL(2, p), Hy(V,,C)) <  Hy(GL(2, p), Hy(V,, C))
for C =17 or Z/pZ. Note that as a result of our previous analysis, we know both
vertical arrows are isomorphisms. Hence, dim Im d , = 1 for arbitrary n > 2.
Thus the relevant E> terms look (stably) like:

oL _

72/, O Z/p

0| 0] O ol O

Ol _O|Zk © 0| 0|2
ol o/ o] o 0| o] 0| 9
E*Z) E(z/pz)

Hence, we have proved

2, p = 5, we have stably

H,(SL (n,F[e]),Z; p) =0,

Hy( S (n,Fle]).Z; p) =0,

Hy(SL (n,¥[¢]),Z;p) =Z/p ® Z/p,
H,(SL(n,F[e]), Z; p) = 0.

CHAPTER II. HOMOLOGY CALCULATIONS TO FILL IN THE BASIC TABLE

THEOREM 4.1. For n =

S. Initial calculations.

PROPOSITIONS.1. Forp>2,n= 1,1 <r<2p — 4,
H(GL(n, p),Z;p) =0,  H(GL(n, p),Z/pZ) = 0.

ProoF. Using the universal coefficient theorem and B, D U, (a p-Sylow subgroup),
we need only prove H(B,,Z/pZ) = 0,1 <r<2p— 4
To establish this, note first that since B, = H, X U,, we have

H(B,,Z/pZ) = H(U,,Z/pZ)y,.
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We look for the irreducible constituents (all one dimensional) of H(U,,Z/p) as a
Z/p(H,)-module. We shall see that, for the relevant r, these are all nontrivial-from
which H(U,,Z/pZ)y = 0 follows. U = U, may be built up as successive extensions

T, Uu U
s o= -1, k=23,..n—1,
I‘k+l l_‘k+] I‘k

1-

where I, is generated by 1 +e¢;;,j — i = k.

%
ol
1
The E,-term of the spectral sequence of this central extension is H (U/T',,Z/pZ) ®
H (T,/T.\,Z/p) so we need only look at the irreducible H, -constituents of this, or
by induction the irreducible constituents of H_ (U/T,) ® H (T,/I})
® ---®H,(I,_,). Recalling that this is a graded tensor product, we may identify
this as the homology of the elementary abelian group
L=0I/T,= @ Z/ple;
k j—i=1
(upper triangular matrices with 0’s on the diagonal).

As usual,

H,(L,,Z/pZ) = \L,® P(pL,) < Divided power algebra

1 1
degree 1 degree 2

. . I
Given the action, h - e;; = 1,1, 'e;; Where

0 t,
it is straightforward to see that the first trivial irreducible constituent in a positive
degree occurs in degree 2(p — 2) + 1 = 2p — 3. (This is easier to see in the dual
cohomology module which is an exterior algebra tensored with a symmetric algebra.)
O

In what follows, we shall make frequent use of the spectral sequence of a filtered
module. The general theory is as follows.

Let G be a group and 4 a G-module. Suppose in addition 4 is filtered by
submodules 4 = 4,204, 24,2 -2 A,D2A,,,=0. We obtain from this a
filtration of the standard chain complex

C(G,A)=FCDF_C2F_,C,2 ---2F_ C2F_, ,C=0
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with F.C, = C(G, A_,) viewed naturally as a submodule of C(G, A4). In general, a
filtered complex yields a spectral sequence. (See [C-E, Chapter XV] for an extensive

discussion.) The E|-term is given by
A
=H, C (G, —* ) )
+1t ( * A e

A—s
a HX-H(G, A—s+| )

Notc that E‘ =0 outside the set defined by s + 1= 0, —/ <5 <0. To calculate

d¥ (c*) for ¥ € EF,, choose ¢ € FC,,, = C,, (G, A_,) representing c* such that
i € F,_\C,,,. (That is possible because d'c' = =d*?= ---=d* k71 = 0 where
¢ represents ¢’ in E! .) Then d*(c*) is represented by dc.

FC,

E/,=H,
s +t F;._IC*

PROPOSITION 5.2. Forp = 5,n = 2,
Hy(GL(n, p),¥,) =0,  Hy(GL(n. p), M,) =Z/pZ.
H,(GL(n, p).", ,) = H,(GL(n, p), M,) = 0.
Hy(GL(n, p),V,) = Hy(GL(n, p). M,) = Z/pZ.

Moreover, this isomorphism is stable; it commutes with the induced map from n =
Hy(GL(n, p),V,) = H(GL(n, p), M) = 0. Similar formulas hold for B,.

T
ProoF. The sequence 0 - V, - M, SF=1 /PZL — 0 together with Proposition

5.1 allows us to relate the homology of V, to that of M, or vice versa.
For V,, we first calculate H,(B,,V,) (r=20,1,2,3). We use B,=B,_, X C,,

= F*X W,_,. Recall [W,V] is the submodule of V spanned by all u(s) -,
u € W,s € V. Consider the tower

A, =V, .
W,
l }
A =X, =W, V]
| " Mn~l
w

n—1

A, =W, = [Wn—h Xn]}
|
0

where W, _, acts trivially on the factors, F* acts trivially on M, _,, by multiplication
on W,_,, and by reciprocal multiplication on W, _,. Note Hy(C,V,) =
HoW, -1V, g = (W, )= = 0.

The given filtration yields a spectral sequence

st_ s+t( A—s/A—x-H): +l( no n)
The E'-term is indicated below. (Subscripts n, n — 1 are deleted for convenience.)
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H3(C,W) =0 (/\3wow for p = 5)

/

HZ(C’W) =0\ Ha(C,M)”\
Hl(c,mﬂ)\ HZ(C’M)H)\ H3(C,W)=0\
HO(C,W) =0 HI(C,M)=0\————-—— HZ(C’W) =M s+t=3
\ dé 1\ X \
HO(C,M) =M e— 2 Hl(C,W) =M s +t=2
Ho(c,'v‘l)=0\ s+t=1
\ e

(For example, Hy(C, W) = Hy(W,W)p = (/\*W® W& W ® W) = M.) Since
Hy(C,V) =0, d} , must be onto and hence it is an isomorphism. Hence, E? looks
like:

4 (Ruew, p =5)
0 0
0 0 0
s+t=3
0 0 %_1
st+t=2
J S+t=l
0
,\ s+t=0

Thus, we have

LEMMA 5.3.

H3(Cn’I/n):0(p>5)’ HZ(Cn’V;t);Mn—I’
H(C,,V,)=0, Hy,(C,,V,) =0.

> n

For p =5, Hy(C,,V,) is a quotient of \>W,_, ® W,_,.
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We next consider the spectral sequence associated with the decomposition B, =
B, X C,. From H\(C,,V,) =0, we conclude Hy(B,,V,) =0 for all n=1. Re-
placing n by n — 1, we see Hy(B,_,, M,_,) = Z/pZ. H(B,, M|) = H(F*,F) =0,
so we may assume inductively that H\(B,_,, M,_,) = 0. It follows easily that
H(B,,V,)=0,r=1,3, and Hy(B,,V,) = Z/pZ. See the E? diagram below. (For
p =15, it suffices to note that Hy(H,_,, \*W,_, ® W,_)=0 for H,_, the
subgroup of diagonal matrices.)

(0]

e—

r 79 I

(o] ol o O

ol 0 ol o

To complete the proof, we need only show the existence of a stable nonzero class
in H,(GL(n, p), M,). (For, we know by the above that H,(GL(n, p), M,) =
H,(GL(n, p),V,) < Z/pZ.) To see this, we show that

Hy(GL(2, p), M,) — Hy(GL(n, p), M,)

is a monomorphism with the left-hand side # 0. Dually, we can show instead
H*GL(n, p), M) > H{GL(2, p), M,) # 0 is an epimorphism. However, 4 ® B
— Tr(AB) provides a GL(n, p)-pairing of M, ® M, — F which gives an isomor-
phism M, = M,. Under this isomorphism, the dual of the inclusion i: M, » M, is
the map j: M, - M, which given A € M, picks out the 2 X 2 block of 4 in the
upper left corner. Notej o i = id.

From the comparison,

1 - M, - GL(2,p>) - GL(2,p) - 1l:, € H¥(GL,, M,)

Vi l Lk
1 - M, - GL(n,p?) - GL(n,p) - 1:,€H}GL,, M,)

n

we conclude i (t,) = k*(t,) € HY(GL(2, p), M,). However, the map under con-
sideration is j,, © k*: H3(GL(n, p), M,) - H*(GL(2, p), M,), so

j*(k*(‘n)) :f*(i*(‘z)) = 1.

To complete the proof, we show that ¢, is nontrivial. If ¢, were trivial, we could
find an element z in GL(2, p?) in the coset of [{,}] such that z7 = 1. But z can be
writtenz = 1 + E|, + p4 where

1
E, =[g 0]’ A€ M(Z/pZ).
Hence,
V4
(1+E, +PA)p =1+ p(E,+pA) + (2)(E|2 +PA)2 + -+ (Ep +PA)p-

It is easy to see that (?)(Ey, + pA) =0, 2<j<p. Also, (E,, + pA)? =0 for
p =5 since every term has at least one factor EZ or two factors pA. Hence,
zP =1+ pE,,#* 1.
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6. Calculation of H,(C,,V, N V,).  In what follows, we shall calculate
H(B,,V,oV,) for r=0,1, H(B,,V,\V,) for r=0,1,2, Hy(B,,V,® N\2V,),
H(B,, A\*V,)) for r=0,1, and Hy(B,, /\*V,). Our basic method is to couple
the spectral sequence of a filtered module with appropriate coinvariant (dually
invariant) calculations. We proceed generally in the indicated order except
where necessary to pursue inductive arguments. In particular, we calculate
H/(C,,V, N\ V,) (to be used primarily for H(B,,V, A V,)) in this section.

PROPOSITION 6.1. (0) Forn = 2,p = 5, H(C,,V, N V,) = 0.

(1) For n = 3, p = 5, there is an exact sequence

Ker{Mn—I ® Mn—l - Mn—l}
d'(N*W,_, ® N?W,_,)

0~ H(C, V,AV,) - ~ M, AM,_, ~0

which splits if n Z -1 mod p.
(ii)Forn = 3,p >Sorn >4,P =3,

Mn—] ® Mn—l
d(@W,_, ® N*W, )

Hy(C,,V,\V,) =

For n=3, p=35, there is an exact sequence 0 — E - H,(C;,V3; A\ V;) -
M, ® M,/Imd' — 0, where E is a quotient of \*>W, ® N\>W, =Z/5Z.

(A fuller explanation of the notation appears below.)

ProoF. (0) for n =2 follows since 4 N\ B> [A4, B] defines an isomorphism

VAV, =V,
We consider the following filtration of ¥, A V.
A4, =V, NV,
| W, AW,
A=V, AKX,
[ .
I/Vn—l ® Xn
I I I/Vn 1 ® Mn—l
4, Wn—] W, _,
|
I
L 0
A3 = Xn A Xn
| Mn—l A Mn—l
Ay =X, AW,
| M, ®W,
A=W, (AW, [ Tt T e
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This induces the spectral sequence
A

Esl,l = H3+I(Cn’ r:il) = Hs+r(Cn7 Vn A Vn)

We exhibit the E'-term for p > 5. (Subscripts and C, are omitted for brevity.) (See
diagram.) The necessary calculations and the case p = 5 are outlined in the appen-
dix. The differentials are given as follows: we have the complementary inclusion
onto a direct summand ( p > 2)

i NW-WOW, (uhv)=u®v—0v®u.
Use i’ for the corresponding morphism for W. Then dj, is the composition
L i® . st . .
N'WON'W > WOWOWROW - WOWO®WW=M®M.
d} ; is the composition
9 5 —(twist) ®;’ o twist
QWRNW - QWORW>MOM.
Note that dj , and d) ; are monomorphisms onto direct summands.
d?, ,: M ® M — M is given by
d', ,(S®T)=(T+ Ti(T))S,

which is easily seen to be an epimorphism. It follows that E? looks like

JOo o 0

MaM Jo \|EX)
2
d-l,?. 2
N AN
o o

O
N

where E2, , = Coker(d} ;; ®*W ® N2W —» W ® M) and

e Ker(d', ; M®M - M)
M Im(dl, ANPWO AW MO M)

Then d?, , is the negative of the morphism obtained by restricting the standard
projection 7: M ® M - M /A M to the kernel indicated above. (One sees easily that
7 M®M—> MA Mkills Imd, ,.)

LEMMA 6.2. d? 1.2 is an epimorphism; it is a split epimorphism if n Z —1 mod p.
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PrOOF. It suffices to show Ker(M ® M - M) > M A M is an epimorphism.
e;; N\ e, (i # korj#1)is the image of the following element in the kernel:

e, ® ey ifi#land k # I,

e ®e; ifi=1{buti=*jand k #,
j(e,®e,,—¢e,®e,;) ifi =j=1(thenk #i=j),
e, ®e, —1e,;®e; ifi=1k=j(theni+#k=j),
—e ®e ifk=1butj+*k,i+*j,

—%(ejj®e,j—eij®ejj) ifk=1=j(theni+#k =j),
e, Qe —3(e;®e;) if k=/landi=j(thenj=i+#k).

For the splitting, define the GL(n — 1, p)-mapy: M A M - M ® M by
WSAT)=S®T—-TOS+I®[S,T]+1®((TrS)T — (Tr T)S).
Note that d'| (S AT) =TS+ (TrT)S — ST — (T S)T +[S, T1+0 -1 +
((TrS)T — (Tr T)S)I + 0 - I = 0. Read modulo Im dy) ,, ¢ splits 7 since

7(Y(SAT))=2SAT+INA[S, T)+IA(TeST - Tr TS).

[To see 7y is an isomorphism, examine its effect on the sequence 0 — ¥V -*M A M
- VAV -0V =M/FI)where \(S) = I N\ S (S representing ). On \(V) = I A
V,ay(INT)Y=2INT+IN(n— 1T =(n+ 1)I \T.wy clearly induces multi-
plication by 2 modulo I A V. Hence, for p > 2, 7wy is an isomorphism < n + 1 Z 0
mod p.]

Looking at E>, we are done.

Appendix. We indicate briefly how some of the terms in E' are calculated.

H(C /\ZW):HO(W’/\ZW)F*:(/\ZW)F'ZO’

H(C,, N’ W)=(W& N*W). =0,

H(C,, N*W) =[(Nwe w)e N W|.= AN we AW,
Hy(C, N W) =[(N'We W) e AW|,.= @ we AW,
H(C,WOM)=(WOW®OM)p=M®M,

H(c, WweM)=[(\'Wew)eWeM|.=WweWeM=Me M.

The other calculations are similar. For p = 5 we have exceptionally
Hy(C, WAW)=[(NWe W) WAW]|.= NWe N*w

and Hy(C,, M® W)= N’WOM® W (1*=1in F¥). Note forn =3 (n — 1 =
2), the latter term is zero, but Hy(Cy, Wy A W) = A2 W, ® N\ *W, =Z/5Z.

To calculate the differentials we follow the procedure indicated in §5. See the
table of notations for terminology.
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di,. N*W C H¥W,Z/pZ) is spanned by products u N v, so we need only
calculate d , on elements of the formu N v ® f A g, f, g € W. Choose

g

to represent f € W and similarly for g. We use the fact that d is a derivation relative
to the Pontryagin product on the chain level and related facts outlined in §10.3. We
have

d([ul n[e]®fAg)=(dlulnv—[u]lnd[o]) ®fNg
=[ul-1-[-Dnlol = [l n([-]1-[-DI®fArE
=[o] ®[(-u)(/1E) - fri]
—[u] ®[(—o)(fAE) - gl

However, calculation shows

(—u)fZ[_fo‘__Efi_u)_u] (note fu = Tr(uf))

and similarly for g. It is sufficient to calculate (—u)(f A g) — f A g modulo 4,.
That means we may ignore terms of the form

* *

0 I x|

[q—o ﬂ: and IL‘:
Y ol ol 0] «
We are left with (—u)(fAZ) — fAZ=fA(—ug)+ (—uf )\ g where

7 qio]
0V —TrT

A A\

Hence,
d([u] N [o]®fAg) =[o] ®[g A (uf) = 7 (ug)]
—[u] ®[g A (ef) = A (vg)].

In the identification M = W ® W, uf = u ® f. Unraveling what the above expres-
sion representsin H(C,, WO M)=WO WO M=W® W® W ® W, we have

do(uNv®fAg)=(v®g)®(u®f) —(v®f)®(u®g)
—(u®g)®(v®f) +(u®f)®(v®g)
which after twisting yields
(v®u—u®v)®(g®f—fB®g)=(u®v—0vQ®u)V(f®g—gqf)
as claimed.

dy 5 @*W C Hy(W,Z/pZ) is spanned by elements of the form u N p(v) where
p(v) € Hy(W,Z/pZ) is represented by p[v] = 227 [v, iv]. We have

d([ul nelo]l®fAZ)=(ul-1-[-)nelv]®fAg—[u]ndp[v]®fAg.
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However,
dp[v] =dZ [v,iv] = X (v[iv] =[(i + 1)o] + [v])
=o(Z [iv]) - Z [iv].
Hence,
d([u] N p[v] ®FNg) =p[v] ®[(-u)(fAE)—fAE]
- Sl nliv] ®[(~o)(fAg) ~ A gl.
Calculating modulo A4, as above, we have
d([ul np[v] ®FAg) =p[v] ®[g A (uf) — fA (ug)]
~Zlulnliw] @[z A (of) =7 A (vg)].
Given H,(C,,W® M)=[(p(W)S N’ W)@ WO M]p=p(W)O WOM=W

n’

® W® M =M ® M, and noting that the second group of terms is in \*W ® W
® M, we have

dys(unp(v)®fNg)=p(v)®(g@uBf—fOuBg).
Identifying p(V') = V, we have
dy(uBv®fAg)=v®gB®u®f—v®fQ®u®g
=-(v®Qu)®(f®g—g®f) (after twisting).
dl,,andd?, ,;: H(C, W® M)=W® W® M =M ® M. Represent u ® f® T
by [u] ® f A T. Then
d([u] ®fAT)=(ul-]-[-DOfAT
=[1el(—w(/AT)=/AT].

However,

(—u)j=f () — (fu)a wh=[ng]
Also (—u)T = T + T'u where T'u = (T + Tr T)u. Thus, modulo 4, = X A\ W,
(*) d([u] ®fAT)=[1®[fATu—uf ANT].

Hence, under the identification u ® f ~ uf € M, WO W=W® W =M, we have
d' | J(uf ® T) = (T'u)f = T'(uf). Since the matrices uf span M, we may write
dl, ,(S®T)=(T+Ti(T))S
as claimed.
Examining formula () a bit more carefully, we see that d? | , is represented by the
restriction to Ker d| , of the morphism defined by uf ® T+> -uf N\Tor S ® T+ -S

A T as claimed.
It remains to deal with the case p = 5. We show

d, Hy(C,, M® W)= N>W®M®W — Hy(C,, WA W)
=N\N*We NW



K ,(Z/p*Z) AND RELATED HOMOLOGY GROUPS 21

is an epimorphism. Then E*; =0 and the argument proceeds as before. To
calculate d' , ;, we calculate

d([ul n([o] N [w]) ®TAX), u,v,w,xEW, TEM.

Use (—u)T = T + T'u, (—u)X = X and the fact that d is a derivation with d[u] =
u[-] — [-]- The above expression is

[o]N[w]®@TuAx—[u]lN[w]®ToAx+[u]N[v]®Tw®x.
Hence,

dly (uNoAWwW®T®x)
=0 AWRTuUNX—uNAWRT o ANXx+uNv®TwANAx

where 77 = T + Tr(T).
To see this is an epimorphism, note that, for / # i, j, k, e; A e;Ne ®e, Qx>
e, Ne®e ANx.Forn=4(n—1=3)
eeNe,Ne; Qe ; @xi>e; Ne, e Nx.

Similarly, e, Ne, ® e, Ax, e, Ne;® e, Ax, e, Ne; @ e; Ax, e, Ney;®e Nx,
and e; N\ e; ® e; N\ x are in the image. Since x is arbitrary, we are done with the case
n = 4. For n = 3, there is an additional nonzero term /\?W, ® A2W, = Z/5Z (at
the upper left corner of the diagram) in E2. It may persist in E* leading to the exact
sequence given in the statement of the proposition. [

7. Homology of V, oV, and V,, A V,.

PROPOSITION 7.1. Forn = 2,
Hy(B, °V)*H0(GL(” ?) VOV):Z/pzeIZOeZI’
and

Hy(B,, M, o M,) = Hy(GL(n, p), M,o M,) =Z/pZe, ce, +Z/pZe e, .

PrOOF. We start with M, o M, . Write [x, a] = x(a) —aforx € B,,a€ M, M,.
Using the action of diagonal matrices, we see that e;; ° e,, =0 mod[B,, M, > M, ]
unless i # j, k = j, /=i ori=j, k =1 Hence, H(B,, M, > M,) is spanned by the
cosets of e, ce;;, i<j, and e, ce;, i <]. Consxderatlon of [x,;, e;°e;] shows
e 0€ = e joe;fors <i<j. Sirmlarly, e,-, oe, =e; °e;fori<j<t Considera-
tion of [xs,, ;50 €] shows e oe, =e oe, fors<i <j, and similarly e;; c e, =
e oe, fori<j < t Finally, con51derat10n of [x, €, °e;] shows e, ce, =e;°e,;
—e;0e; for i<j It follows that e, o e, and e, e, span. That these are
independent follows by considering the values assumed by the B,-invariant forms
defined by ¢(A4 o B) = Tr(A)Tr(B) and (A o B) = Tr(AB). In fact, since those
functionals are GL(n, p)-invariant, the result also follows for the larger group.

To obtain the result for ¥, o V,, consider the exact sequence0 = V, oV, - M, o M,
—»M - 0 where A" (4 o B) = (Tr A)B + (Tr B)A. Note A* (e, © e,,) = 0 and use
Proposition 5.2. [
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COROLLARY 7.2. In Hy(B,, M, o M),

€1°epn =€ °e — €0 e.

PROPOSITION 7.3. Forn = 2,
H\(B,,V,\V,) =0,  Hy(B,, M,\M,) =0,
Hy(B,,V,®V,) =Z/pLe;,® ey,
Hy(B,, M,® M,) =Z/pLe, ®e, +Z/pLe,;®e,,.
Similarly for GL(n, p).

PrOOF. Use Proposition 6.1(0) to derive the first statement. For the second, use
the exact sequence

N
0=V, AV, M,AM,>~V,-0,

where A™ (4 N B) = (Tr A)B — (Tr B)A, and then use Proposition 5.2.

The third result follows from Proposition 7.1 and the decomposition V, ® V, =
A2V, ® SV, (p > 2). The last result is analogous. O

We shall need some congruences in Hy(B,, M, ® M,) for later reference.

PROPOSITION 7.4. For n = 2, we have
eRf=f®@e, €,Bep=¢e, Ve, —¢,;,e¢,

modulo [B,, M, ® M, ].

PrOOF. Use Hy(B,, \*V,) = 0 and Corollary 7.2.

PROPOSITION 7.5. For n =2, H(B,,V, o V,) = H(GL(n, p), V, o V,) = 0. Also,
H(B, M, o M,) = H(GL(n, p), M, > M,) = 0.

PrROOF. Note first that for each n the first statement implies the second. This
follows from Proposition 5.2 and the sequence 0 — V, oV, - M, o M, - M, - 0.

We argue inductively. Forn = 2, H((B,,V, o V;) = H(U,, V; ° V,)y,. Let x gener-
ate the cyclic group U,. As an H,-module

(V0 Vz)u2

H\(Uy,V, 0o Vy) = w,® TV, V,)

where T, =1+ x+ x?+ - +xP~'. Direct calculation shows (V, o V,)V> =
Z/pL(h o h, t4ey 0e,)+Z/ple,oe,.

|t O
“lo o,

acts trivially on the first factor and as (#,¢; ')? on the second. Since it acts as ¢, on
W,, W, ® (V, o V3)V2 /T (V, o V,) does not have a trivial irreducible H,-constituent.
Hence, H\(B,,V,°V,) =0 as required. For n>2, we consider the following
filtration.
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A, = 8%,
I S,
A, =V,0X
l pi\/n 1 ® Xn
A2 ~ | A
| W,_,®W,_, W, .®M,_,
A, =X, 0 X I
0
I 2
Ay=X, oW, oM,y
I
®
As=W,_ o W,_, Mot O W,
|
0
This filtration yields a spectral sequence
| R— AS
Es.t - Hs+l Bn’ A = s+t(Bn’ A)'
—s+1

To calculate the E'-term, we proceed as follows: Each H(B,, A,/A_,, ) is calcu-
lated using the spectral sequence of the split extension B, = B, _, X C, (C, = F* X

W.—1). R R
s =0. Hy(C,, 5*W,_,) = (8*W,_)p= = 0, s0

Hy(B,,5*W,_,) = Hy(B,_,, Hy(C,, 5*W,_,)) = 0.
H(C,, W, )= (W,_, ® S*W,_ ) =0, 50
HI( 1> O W, ):HO(Bn—I’ I(Cn,ngn—l)):O-
Hy(C,, S*W,_ )= N*W,_, ® $*W,_,, 50
Hy(B,, 8'W,_,) = Hy(B,_,, 2(cn,82 W,-\)) = Hy(B,—\, \*W,_, ® S'W,,_,).
By Proposition 7.3, Hy(B,.,, M,_, ® M, ) = Z/pZe, R e, +
Z/pZe,, ® e, Also, N> W ® S?W is a direct summand of (W ® W) ® (W ® W)

= M ® M. Hence, Hy(B,_,, \ 2 W,_, ® S?W,_)) is generated by the projections of
e;, ® e, and e, ® e,,. However,

e, ®e;,;~¢, ®e ®e'®e'ire, Ne, ®e'oe! =0,
e, ®e, ~¢, ®e,®e?®e're, Ne,®e?oe!.
Going the other way yields
e, Ne,®e?oe' (e ®e, —e,®e,)@4(e2®e' + ¢! ®e?)

~1 _ _
=;[e,; ® ey €, ®e +e,®ey—e, Bepl.
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However, we know from Proposition 7.4 that e, ® e, =¢,, ® ¢,,, €,,Q e, =
ey, ®e;,s0e Ne,®e?oe' 0. Hence, Hy(B,, S°W,_,) = 0.

s = -1. Hy(C,, W,_, ® M,_,) = 0, 50 Hy(B,, W, @M, )=0.
H(C, W, ,®M, )=M, , ®M, ,, so H(B, W, , ® M,_|)=
HyB, , M, ,©M,_\)=1/pe;, ® e, DL/pe,, ® ey,

s= -2 H(C,.W,_, ® W,_)=M,_,, so H(B, W.., ® W, )=
HO(BM~I’ Mn*l) = Z/Pzell‘

H\(C,, Wn—l ® W, ) =0,s0 H(B, Wn—l @W,_\)=H(B,_, M, ,)=0.

s=-3 HO(Cn’ SzMn—l) - SzMn—l’ S0 HO(Bn’ gzMn—l) = HO(Bn*l’ 82Aln—l) =
Z/ple,, Qe+ ZL/ple,, D e,,.

H(C,,§’M,_)=0, so H(B,,$*M,_,) = H(B,_,,5’M,_,) = 0 (assumed in-
ductively).

s< -4 H(C, A,/A_,,,)=0,r=0,1, in each case. Hence, H(B,, A,/A_,. )
=0,r=0,1
The E| -term of the spectral sequence looks like

0o

Zp®Z4 |0

S=-3N[Ze\ 24924 0 o2

|
s=-2 0 IO

Since Hy(B,,V,°V,)=1Z/ple, o e,, it follows easily that E?,, =0, so
H(B,,V,oV,)=0.(n fact, since e, ° e,, is in position (— 3, 3), we can say further
that d' | , is an epimorphism and d?, , a monomorphism.)

PROPOSITION 7.6. For n = 2, p = 5, we have
(a)
H\(B,,V,\V,) = H(GL(n, p),V, A V,) = 0;
H\(B,, M, A M,) = H,(GL(n, p), M, A\ M,) = 0;
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(b)
Hy(B,.V,\V,) = H)(GL(n, p),V,\V,) = Z/pZ.

PRrOOF. First note that using Proposition 5.2 and the sequence 0 — V, N\ V, —
M NANM,- V, - 0wederive H(B,, M, N\ M,) =0 from H(B,,V, N\ V,) = 0.

To prove (a) and (b) we argue inductively.

For n = 2, as in the proof of Proposition 6.1(0), H,(B,, V, N\ V,) = H\(B,,V,) =0,
and H,(B,,V, N V,) = Hy(B,,V,) = Z/pZ by Proposition 5.2.

For n > 2, use the spectral sequence of the group extension B, = B,_, X C,. To
prove (a), since H\(B,_,, H(C,,V, A\ V,)) =0 by Proposition 6.1, we need only
show Hy(B,_,, H(C,,V, \ V,)) = 0. From Proposition 7.3,

HO(Bn—I’ Mn—l N Mn‘l) = 09
and we may assume inductively that H(B,_,, M, _ AN M,_,) = 0. Hence, by
Proposition 6.1,
Hy(B,_,, H/(C,,V, N V,)) = Hy(B,_,,Ker/Im)
which in turn is a direct summand of Hy(B,_,, Ker). Since H\(B,_,, M,_,) =0,
0- Hy(B, ,Ker) - Hy(B,_,M,_,®M,_ ) - H(B,_,M,_)-0

Il I
Z/ple;® ey +1/pLe, ®e Z/pZe_”

is exact. Since e, ® e,, > e, and e;; ® e, b 2¢,,
Hy(B,,,Ker) = Z/PZ(zelz e, —e; ®e )
Consider next the morphism d§ 5: /\ SWONW-QWR R W=MO M.

eyNe;®e' Nelt (e, ®e,—e,®¢e,)®(e! ®e? —e2®e!)
=en®ep—e;®e) —e; Be, +ey®e,
(Proposition 7.4) =2(e;; ®ey — €, ®ey)
=2(e;; ®ey —e;®ey — e, ®ey)
=2(e;; ®e;; —2¢,@e¢,).
Hence, Hy(B,_,, Ker/Im) = 0 as required.

We next consider (b). By Proposition 6.1, Hy(B,_,, Hy(V, N V,)) =
Hy(B,_,(M,_,® M,_,)/Imd") which (as shown in the proof of 6.1) is a direct
summand of Hy(B,_, M, ®M,_|)=Z/ple,® e, +Z/pZLe, ®e,. (For n
=3, p = 5, use the fact that Hy(B,, \>W, ® A\ ?W,) = 0.) Referring again to the
proof of 6.1, we recall that Imd' = ®2W,_, ® A*W,_,. Note thate,, ® e,, = (e,
®e)®(e'®e')re,®e ®e' Ne' =0, so Hy(B,_,,Imd')<Z/pZ. On the
other hand, going the other way,

e, ®e,®e' Ne?re ®e,®(e'®e?—e2®e')

=€, ®e,—€,0e, 0.
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Hence, Hy(B,_,,Imd') = Z /pZ, and thus
Ho(Bn—h(Mn—l ®M, )/Imd')=1Z/pZ.
Continuing with (b), we shall show that H(B,_,, H,(C,,V, A\ V,)) = 0. We use
the short exact sequence
Ker(M, \®M, > M, )
Imd'

0-H(C,V,NV,)~

2}Mn—l /\Mn—l _)O

of Proposition 6.1(i). If n = -1 mod p, the sequence splits, so we are reduced to
showing H,(B,_,, Ker/Im) = 0. If n = -1 mod p, we obtain the same reduction by
means of the following argument (suggested by the referee). It suffices to show that
H,(B,_,,Ker) - H)(B,_;, M, | A'M, ) is an epimorphism. In the proof of 6.1,
we derived the splitting (for n Z -1) by showing that #¢ is an isomorphism of

M,_, ANM, ,. (Refer to Lemma 6.2 for notation.) That in turn was deduced by

— A
examining the effect of 7y on the short exact sequence 0 -V, - M, | ®
M, X V. AV,_, -0 (where (T)=1,_, AT).If n = -1, 7y is unfortunately
trivial on Im A. However, we still have x 7y = 2x so Im(2id — #¢) C Im A. Thus, it
suffices to show A (HyB,_,,V,_,)) C 7, (H,(B,_,,Ker)). For this, consider o:
M, ,—- M,  ®M,_, defined by

n—1
O(T) = 1n—2 T — T® en*l,n—l - (Tr(T)/ (n - 1))In—2 ® In—2‘
Note that Imo C Ker(M,,_, ® M, _, - M, ). Also, if we set «(T') = T, then

Mn—2 _a') Ker(Mn—l ® Mn*l - n—l)

bt la

A
V—l - Mn—l/\Mn—I

n

commutes. Since ¢,: Hy(B,_,, M, _,) = Hy(B,_,, V. ) is an isomorphism by Prop-
ositions 5.1 and 5.2, it follows readily that A, (H,(B,_,,V,_,)) C Im 7 as required.

To show that H,(B,_,,Ker/Im) = 0, we use the fact established in the proof of
Proposition 6.1 that Im is the direct summand of Ker; thus, we need only show that
H\(B,_,,Ker) = 0. Since H(B,_,, M,_, ® M,_,) = 0 by part (a) and Proposition
7.5, it suffices to show H,(B,_,, M, ,® M, |)— HyB,_,, M,_,) is an epimor-
phism. This follows from Proposition 5.2 and the commutative diagram

Mn*l ® Mn—l - Mn~1
Te 7
Vv

n—1

where we define o(T) =1, , ® T.
Since Hy(B,_,, Hy(C,.V, N\ V,)) = 0, we may now conclude

M n

HZ(Gl(n’ p) V, A Vn) < HZ(Bn*Vn A Vn) < Z/pZ

> n

To conclude that H,(Gl(n, p),V, A V,) = Z/pZ, we need only show it is nontrivial.
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For this, consider

HZ(Gl(z’ P)’ V2 A VZ) - HZ(Gl(z’ P), VZ)
! \)
Hy(Gl(n, p),V,AV,) — Hy(GlUn,p),V,).

The upper horizontal arrow is an isomorphism since ¥, A\ V, = V,, and the right-hand
vertical arrow is an isomorphism by Proposition 5.2. It follows that the lower
horizontal arrow is onto something nontrivial, and we are done. (This argument was
also suggested by the referee.)

8. Higher multilinear modules.

ProposiTION 8.1. For n=2, Hy(B,, M, \NM, ®M,)=7Z/p ®Z/p. Also,
Hy(GL(n, p),V, AV, ® V,) = Hy(B,, V, AV, ® V,) = Z/pZ (stably).

ProOF. First note that the exact sequence 0 > A2 M, ®V, > A*M,® M, —
A2 M, - 0 yields

Hy(B,.\*M,®V,) =Hy(B,, N*M,®M,).
In addition, 0 > A2V, ® V, > A M, ® V, > V,® V, - 0 yields

0 - Hy(B,, \*V,®V,) - Hy(B,, \* M, ® V)
- Hy(B,,V,®V,)=Z/p -0

(similarly, for GL(n, p)).

Forn=2, A’V,® V, =V, ® V,, and Hy(B,,V, ® V,) = Z/pZ. The exact se-
quence above gives the desired result for A\* M, ® M,. On the other hand, for
n =3, using those sequences, we need only show Hy(B,, \*M,® M,) =
Z/p © Z/p (stably) (similarly for GL(n, p)).

Assume n = 3. By duality, we have

/\\ /\
HO(Bn’ Mn A Mn ® Mn) ;HO(Bn’ Mn A Mn ® Mn) EHO(Bn’ Mn A Mn ® Mn)

(Recall that M, is self-dual as noted in the proof of Proposition 5.2.) Since it is
technically easier to calculate invariants, we calculate the last group.
Let z € M, N M, ® M, be invariant under B,. Using the action of the torus, we
conclude that z must be of the form
2 A eyt 2 :Bijkeij Nej; B €4
iEjFEkAE i<j
i#Ek#j
+ 2 YijkeijAekk®eji+ zsijeij/\eji®eii
iFjE ki i#j
+ 2 g6, /\e; ® e; + E fijeij Ne ® €i
i+ i#j
+ 2 M€ /N € ® ey t+ 2 0,6, N\ e,; e,

ijrii
i<y i#]
iFk#*j
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We now make use of the following argument suggested by the referee. Any z of
the above form which is invariant under B, (defined over the the prime field F) is also
invariant under B,,(I_*‘) (defined over the algebraic closure). (Note that M, A M, ® M,
is contained naturally in the corresponding object defined over the algebraic
closure.) Namely, such a z is a sum of terms each of which has weight 0 and hence is
invariant under the torus H,,(l_“) over the algebraic closure. If such a z is also
B, -invariant, then it must also be B,,(I_?)-invariant because B,,(F‘) is generated by B,
and H,(F). On the other hand, it is well known that the B,(F)-invariants are identical
with the GL,,(l_T)-invariants. (To see this, note that the orbit of a B,,(l_*“)-invariant
element is the image of the projective variety Gl,,(l_T) /B,,(F‘) in the affine variety
(M, A M, ® M,) ®F and is thus a single point.)

In particular, any B, -invariant element z of the above form is invariant under the
symmetric group 2, (contained in Gl ,(F)). Using the transpositions (ij), we con-
clude that B, = m,;, = 0 for all i # j # k # i. Using permutations sending i to i’, j
toj’, and k to k', for various triples of indices, we see that a; ;, = a is independent of
i,Jj, and k. Similarly, we may write y,;, = v, 6,, = &, g =& {,j = ¢, and 0,-j = @ since
these coefficients are also independent of the relevant indices.

Consider the coefficient of e;; Ne;, ®e; in x,(z) —z where i #j#*k #i.
Because B, ;; = 0, this coefficient is a, ; — 8, 4. Thus, & = 8.

Consider the coefficientof e;; N e;; ® e, in x,(z) — z where i # j. Itis §,, + &, +
& — §;,sothat{ =28 + e.

Consider the coefficient of e;; N e;, @ e, in x;(z) —z where i #j # k 7 i. It is
o = $; T Yo sothaty =¢§ — a.

Consider the coefficientof e;, N e, ® e;;in x, (z) — z where i # j. Itis 6, — ¢, —

1j» SO thate = § — 6.

Solving these equations yields a =68, { =6 + 8, y = 0, and ¢ = -6 + 6, so that

we may conclude that a B,-invariant z (if such exists) must be of the form
§ 2 e N ey ®ey + 0 2 e N e Dey
iFEjERFED iFjFERFE

+8Eeij/\ejl®eii+ (B_S)Eeij/\eii®eji

i#j i#j
+ (6 +8) 2e,.j/\ejj®eﬁ+OZei,/\ejj®e,,

i#j i#j

=6 2 e,.j/\ejk®ek,.+0 z e Ney®ej.
ik ik

8

Thus, by duality, Hy(B,, /\*M,® M,)<Z/p ®Z/p. To see that we have
equality (even if B, is replaced by GL(n, p), and even stably), consider the (stable)
GL(n, p)-invariant forms defined by

#(A AB® C)=Tr(A)Tr(BC) — Tr(B)Tr(AC),

and
Y(ANB®C)=Tr(ABC — BAC).
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These are independent since ¢(e, Ne, ®e)) =0, dp(e,; Ney ®ey) = -1,
V(e Ney ®ey) =1,4(e;; Ney®ey) =0.

COROLLARY 8.2. For n=2, Hy(B,, /\>*M,)=1Z/pZ. Also, H(B, N\°V,) =
Hy(GL(n, p), \°V,) = Z/pZ (stably).

A

PROOF. Consider the exact sequence 0 — AV, > A3M, > A?V, -0, where

MAABAC)=Ti(4A)B A C—Ti(B)A A C+ Tr(C)A A B. (Note that the co-
domain of A is /A2 M, but that in fact Im A = A2 V)

Hy(B,, \°’V,) = Hy(B,, \*M,),

(and similarly for GL(n, p)), so we need only consider A\ °* V,. From Proposition
8.1, it suffices to show the epimorphism

Z/pZ = Hy(B,, \*V,®V,) - Hy(B,, \°V,)

is an isomorphism (similarly for GL(n, p)). However, this is clear since the right-hand
side is nontrivial. Indeed, the GL(n, p)-invariant form defined by ¢(4 AN B A C) =
Tr(ABC — ACB) is nontrivial on A\>V, (¢(h, N e, Ney) =2). O

PROPOSITION 8.3. Forp = 5, n = 2,
H\(B,,\*V,) = H(GL(n, p), \*V,) = 0.

PROOF. Forn =2, N>V, = Z/pZe,, N h, N e,,.

Since e, N\ by N\ ey, is fixed by x,, and H,, B, acts trivially, and the result follows
by Proposition 5.1.

For n>2, we proceed by induction. We form the tower shown as Table 1
(subscripts are omitted). The calculations in the table are done as previously.

One calculation requires further comment.

HI(Bn’ AzVi/n—l ® u/;r—l) = HO(BnAI’ HI(Cn’ Azﬁ/;r-‘l ® l/Vn—l))

= Hy(B,_,,*W® N*W).
However, ®2*W ® A2W is a direct summand of @2W ® Q2W ~ M ® M. Thus

Hy(B,_,, ®*W ® A\ ?W) is generated by the images of ¢,, ® ¢,, ~¢,® e, ®e' ®
e'>e ®e ®e' Ne' =0ande,®e, ~¢, ®e,®e’®e' e, ®e,®e? Ne.

On the other hand, going the other way, we get

e, ®e,®e’Ne'i> e, ®e,®(e?®e' —e' ®e?)
iler; ® ey — e ®ey,]
=ile;®ey €, ®e +e,®¢,]
= 3[2e,,® e, — ¢, ® e, ] = 0.

Hence, H(B,, \*W,_, ® W,_,)=Z/pZ.
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TABLE 1
Level R Factor Hr(cn’ =) Hr(Bn, =)
0 AV
3 H_=H_=H_=0
) A o~H=H, Hy= H,y=H,=0
1 AVAX
H =H_=0
2Zieu HH =0, B W@ A @u | Ot .
H,=Ho (B, A WE AW M)
2 AWex
R H =0
@ w | nyo, o= @M@ 0 2 o
H1=H°(Bn_1,® WO AW = zZ/pz
3 v A #2x
. H =0
WQ A Hy=0H, = u® e 0 )
H=H (B M@ AW = z/p @ z/p
4
. . H=H (B ..MQM = zZ/p® Z/p
WO A% WO MO w Hy=M® M, H =0 070" -1
Hl-Hl(Bml,M@M) =0
5
A2
t s }w@zxw H=H =0 Ho=H, =0
6 AKX
3
H=H (B .,A"M)=2Z/pZ e  Ah Ae
13y H0=A3M' H,=0 0 "0"°n-1 , 127121
Hy=H (B, A°M) = 0
7 02X AW
2 - Sl =
) } AMW H=H,=0 H =H =0
8 XA AW
2 -y =
s } M@ AW H =H =0 Ho=H, =0
9 AW
3 -y =g (For p=5 =g = -
} AW HO Hl—O H1=W ®’A3N) 1-10 Bl 0 (including p=5)
10 0

We examine the spectral sequence
Esl.l = Hs+l(Bn’ A—S/A—-s+l) = Hs+t(Bn’ A)

as previously. If we exhibit only the range containing nonzero terms, the E'-term

looks like the following

0
1/p1 en_A “|Aeu O
S=-
(0] o
WPQI/P &
S=-4

/oD Do
2A
0 \ o E} 7 HBpish Wo AN 2N
=3N\Jo \lo
S22 s+t =1

o)
K-5+'¢:=0
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To complete the proof it suffices to show d!, , is an epimorphism. (Then, d', ,is an
isomorphism since Hy(B,, /\’V,) = Z/pe,, N h, N e,,.)
To show d! 1.3 is an epimorphism, we argue as follows. The corresponding
morphism for C,,
by 5 Hy(Cpy N2 Wye ® M, ) - H(G, N\ W, ® W, )
I I
N? W1 @ N W, O M, ®2 Wosr ® N2 W,y = W, ®(/\2Wn—1 ® Wo—1)

is given by
dl J(uNnv®@fAg®S)=-[u®(S+TrS)o—o®(S+TrS)u] ®fNg

(see below). Since we showed above that

Hy(B,_,, ®*W,_® N*W,_|) =Z/pLe ®e,®e> Ne',

it suffices to note that

dlm(el /\e2®e2 Ae' ®e”) = - [el ®e, —2e,®e¢] ®e2 Nel,
dlm(e1 Ne,®e? Ne' ®e22) =_[2¢,®e,—¢,®e,] ®e2 A&

(Subtracting twice the second from the first yields +3e, ® e, ® e? A e! as required.)
Appendix. Calculation of d' | , for C,:
d([ul n[o]@fngAS)=(d[u]l n[o] —[u] Nd[v]) ®fAEAS
=[v]®[(—u)(fAEAS)—FAEAS]
~[ul@[(~o)(FAgAS)~ fAgAS].
However, (—u)f = f — (uf) — ( fu)u, similarly for g, and
(—u)S=85+ Su, 8§ =8+Ti(S).
Hence, modulo
A =VAXANX, (—u)(fAEAS)—fAEAS=fAEA Su.

Hence, d([u] N [v]® fAZAS)=[0]® (fFAZASU —[u]® (fAZASD).
Hence, with some twisting, we get

dl, (uNv®fAg®S)=(v®SU—u®SV)®fAg

as claimed. O

PROPOSITION 8.4. For n =2, Hy(B,, \*M,) = Z/pZ, H(GL(n, p), \*V,) =
Hy(B,, \*V,)=0.

PROOF. We calculate H(B,, /\* M,) instead and use duality. Let z € M, N M,
AM, N\ M, be invariant under B,. Using the action of the torus, we conclude that z
must be of the form



32 LEONARD EVENS AND E. M. FRIEDLANDER

2 ape Ne NeyNept X Buue, Nex NeyNey

i<j, k i<j,k,l
k<! JEkEIH#]
k#j =l

+ 2 Yijk€ij N €ji N e N ey

j<k
JEiEk
+ 2 8ijkleij Ney Ney/Ney+ 2 gl N ey Ne Ney
i<j. k i#jEkHE

i, j.k.[distinct

+ 2 fijk/eij/\eji/\ekk Ney+ 2 Mk N € N e N ey
i<j i, j, k distinct
k<i
i, j. k, ldistinct

+> b,e,Ne;Ne,; Nej, + > Ajreii Ny Neg Ney.
i<j i<j<k<l

For n = 2 only terms of “type 8" occur. For n = 3 only terms of type a, v, ¢, 7,
and 6 occur. However, with minor modifications, the arguments we shall introduce
below are also valid in those cases.

As in the proof of Proposition 8.1, we use the referee’s argument to conclude that
z is in fact Gl(n, p)-invariant and hence invariant under the symmetric group 2,.
Using the transposition (ij), we conclude that a;;, =, =A,;, =0 for i, j, k
distinct. Using the cycle (ijk/), we conclude that B;;,, = 0 for i, j, k, ! distinct.
Using permutations sending i to i’, j to j’, and k to k’ for various sets of indices, we
conclude that v, = v, §;, = &, &, = & m,x = n, and 6, = 0 are independent of
the indices. ;

Consider the coefficient of e,; N e;; N\ ey N ey in x;(2) — z,j < k. Itis —v;; —
Nk T &jinSOY =€ — 1.

Consider the coefficientof e;; N e;; N ey N eyinx,(z) —z,i <j. Itism,; — 8,
son = 4.

Consider the coefficient of e;,; N e;; N ey, Nejinxy(2) —z,i <j. Itis 6, —m
— &S00 =mn+e

Consider the coefficient of e,; N\ e, N ey N ey inx;(z) —z,j<iandj <k.lItis
“Yeji T €k T Ekij T Yijko SO —2y=0. )

From these equations we conclude that e = 7 = & and 6 = 2¢ (with appropriate
deletions for n = 2, 3). It follows that an invariant z, if such exists, must be of the
form given below. (Make the appropriate deletions and modifications for n = 2,3.)

€ > e; Ney Ney Ney+ Y e ;Ne NeyNe,
i<j, k i, j, k distinct
i, j. k. ldistinct

+ 2 eij/\eji/\eii/\ekk+2zeij/\eji/\eii/\ejj

i, j, k distinct i<j

=8| X e, NepNe Neyt+ De  NeyNey Negl.
i<k i%)
J*k
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Thus, by duality, Hy(B,, /\* M,) < Z/pZ. To complete the proof, consider the
exact sequence 0 » A4V, > A4 M, > N>V, — 0 where

4
MAAANANA) = D (1) ' TH(A)A, A - AA A - A,
i=1
(Note as in the proof of Corollary 8.2 that X initially takes its values in /\* M,, but
it is possible to show that Im A = A’ V,.) Since H\(B,, \*V,) =0, Hy(B,, \*V,)
= Z/pZ, it follows that Hy(B,, \*M,) =Z/pZ and Hy(B,, \*V,)=0. O

CHAPTER I11. CALCULATIONS OF d2 FOR n = 2

9. The relevant p-groups. We now turn to the needed calculations in the spectral
sequence for n = 2. We start by considering the spectral sequence of the group
extension 1 = ¥ — U — P — 1 where (a) U is the p-Sylow subgroup of SL(2, )
consisting of all matrices over Z /p*Z of the form

[1+pa b

pe 1+pd]’ atd—bc=0 modp,

(b) P = U, consists of all matrices over Z/pZ of the form [(}], and (c) V =V, as

before.
Using multiplicative notation, we choose the following generators:

For P,
b 7]
Y=lo 1 [

(Lety = [ 1]in U)

For V,
_[1 o]_ F o=
a=l, 1|7 1 + pE,, whereE,, = e,,,
[1+p 0 —
z2=_ 0 1_p]=l+le where H, = h,
[t p]_ E o
zy = o 117 1+ pE,, whereE,, =e¢,.
Then,
(9.1) Flay =222 Tl =220 ylny =1

The calculations will be simpler if we change the basis for V to x; = z,, x, = z,23 !,
x;3 = z; 2. Then

(92) )7_lx|)7 = XXy, )7—1x2)7= X2X3, )7_1)‘3)7: X3.

(Additively, y~' has matrix
1 0 O
1 1 O
0 1 1
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on V.) Since the Charlap-Vasquez theory is for cohomology, we shall make our
spectral sequence calculations for cohomology with coefficients in F = Z /pZ and
dualize later. Thus we shall need the dual bases. Define a,(x;) = §;;. Then,

(9.3) ya, = a, ya, =a; +a,, yoa;=a,+ a,.

10. The Charlap-Vasquez description of d,. Let 1 - V- U — P — 1 be a group
extension with ¥ a finitely generated abelian group. Charlap and Vasquez [C-V] have
described

dy's Ef(4) = 5" 1(4)
for A any F(U)-module on which V acts trivially. (F should be a PID and each
H,(V,F) should be F-free.) We shall use their description in the case V is an
elementary abelian p-group, ¥ = Z/pZ,and A = F.

In order to state the Charlap-Vasquez result, we need to introduce some terminol-
ogy involving certain standard identifications. We have as usual

N
H'(V,F) = H,(V,F).

(In particular, for « € H(V,F), p € H(V,F), a(p) is calculated by evaluating a
cochain representing @ on a chain representing p.) Moreover, H'~}(V, H/(V,F)) =
H'"\(V,F)® H(V,F), so we have a pairing q: H'(V,F)® H""\(V, H(V,F)) -
H'~'(V,F) defined by

(10.0) g(a® (BOp)) = a(p)B.

g in turn induces a pairing

U, H(P, H'(V,F)) ® H*(P, H'\(V, H(V.F))) - H**}(P, H"'(V,F)),

that is, U : E5'(F) ® E3'"'(H(V,F)) » E;*>'"(F). Then Charlap and Vasquez
assert that for £ € E5-(F),

(10.1) dyi(g) = (-1t U, (V' = 0.(x))

where x € HX(P,V) is the class of the extension, Q: V — H'"\(V, H(V,F)) is
derived from the Pontryagin product p N v in H(V,F), and V' €
H*(P, H"'(V, H(V,F))) is a certain universal characteristic class.

Charlap and Vasquez (and later Sah [S]) have investigated V' for F = Z and V
free abelian, but little is known about it in our case. We shall rely simply on the fact
that for the corresponding split extension (x = 0)

dP(¢) =(—-1)’¢u V-
Thus, we obtain the first term in (10.1) if we can calculate d5P'(£) by some other
method. This is done in §11.
We concentrate now on calculating the second term (—1)**'¢ U 4 Qx(x). Let

[y, Bas-- .-, be a basis for H,_ (V,F), v, Y2,...,7, the dual basis for H'~(V,F),
and ¢,,¢,,...,$, a basis for H(V,F). Forz € H(V,F) =V, letp, Nz =27 a,5,.
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Then one may translate the definition of Q in Charlap-Vasquez (called P there) into
the formula:
(10.2) Q(z) =Ya,v,®§ € H (V,F) ® H(V,F).
il

We shall be especially interested in the case V' = V, (asin §9), t = 1,2, 3. In order
to calculate Q, explicitly, we need bases and dual bases in the relevant dimensions.
We start with a description of the Pontryagin product in terms of standard chains.
(See the table of notations for definitions of these terms.)

PROPOSITION 10.3. Let X be the standard chain complex over Z for the abelian group
V. The Pontryagin product is induced by a map (of complexes overZ) N: X® X - X
which is consistent with the group homomorphism V X V — V defined by multiplica-
tion. (X ® X is viewed as a V X V-complex by componentwise action.) That map
necessarily satisfies the rule d(x N y) = dx Ny + (—1)¥8*x N dy. One may choose
this map of complexes so that in degrees 0, 1,2, and 3 it is given by

1nl-1=T[1
[ul N [-1=[-1N[u] = [u],
[, o] N [-]1=[-10[u, 0] = [u, 0],
[u] N o] =[u, 0] = [v,u],
[u,o,w] N [-1=[-1N[u,0,w]=[u,v,w],
[ul N [o,w] = [u,v,w] = [0, u,w] + [v,w, u],
[u,0] N[w] =[u, vo,w] —[u,w,v] +[w, u, v].

ProOF. The Pontryagin product may be defined as the composite map H (V,F) ®
H(V,F)-> H(V X V,F) - H/(V,F) where the first component is the Kiinneth
isomorphism and the second is induced by the group homomorphism V' X V - V.
To compute it on the chain level, we note that X ® X is a V' X V-resolution of Z.
Hence, we need only define a map of complexes X ® X - X (consistent with
augmentations and differentials) which is consistent with the group homomorphism
V X V - V. (The map is unique up to chain homotopy.) Since the differential in
X ® X is given by d(x ® y) = dx ® y + (—1)¥®*x ® dy, the map is necessarily a
derivation as stated. The main content of the proposition is that the chain map
defined above in low degrees has the right properties. One checks this by direct
calculations. For example, d,([-] N [u]) = d,(u]) = u[-] —[-], and

N ((dy®id+id®d) (-] [u]) = M ([-]®d\[u])
=N @le@ -0 =C1nul-1-[1n[]
=u(-1n[-D-LInl-I=ul-1-[]
The other calculations are similarly tedious and we omit them. Note that the map of
complexes has been defined on a Z[V X V']-basis for X ® X, and semilinearity with

respect to V' X V — V has been used extensively. [
Recall the notation p(x) € H,(V,F) for x € V, 8a € H*(V,F) for a € V.
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PROPOSITION 10.4. Let V = V,, and choose a basis x|, x,, x5 for V.= H(V,F) and
dual basis a,, a,, a; for V.= H'(V,F). Then the following are bases and dual bases for
H,(V,F) and H(V,F) respectively.

Fort=2,x,N0x,, m<n,p(x,), m=1,2,3, with dual bases a,,a,, m <n, 8a,,,
m=1,2,3.

For t =3, x,Nx,Nx,, I<m<n, x,Np(x,,), I, m=1,2,3 with dual bases
aa,a,, | <m<n, aqba,,l,m=1273.

PROOF. Use the formulas in Proposition 10.3 to evaluate the cohomology classes
on the homology classes. For example, (,6a,,)(x;, N p(x,,)) is calculated as follows.
Let a, denote «, viewed as a l-cocycle on V, and let da, be the standard cocycle
representing 8a,. Then x, N p(x,,) is represented by

p—1

-1
2 [X/] N [xm’ ixm] = 2 ([xl’ Xm> ixm][xm’ Xs ixm] +[xm’ ixm’ xl])
i=0 i=0

and
(a,8am)(x, N P(Xm))

p—1
= 2 (al(xl)sam(xm* ix,,) — al(xm)sam(xl’ ix,,) + al(xm)sam(ixm’ X/))-
i=0

If / # m, there is only one nonzero term, the first term withi = p — 1. If / = m, all
terms for i = p — 1 are nonzero, but two cancel. In any event, the net result is 1.
The other cases are similar. [J

PROPOSITION 10.5. Let 1 — V — U — P — 1 be the extension in §9, and let p > 3.
Then choosing y as generator for P, we have H*(P,V) = VF = Z /pZx, and the class
of the extension X is given by 1x,.

PrROOF. Generally, HX(P,V)=VF/TV where T=1+y+y>+--- +y7 ' In
our case, it is easy to see that TV = 0. To determine the class of the extension, let

- l —] . rere 2
y [0 1] in SL (2, p?).

Then
_ 1 - —
yp = [0 lp] = 23 l'
Consider now the commutative diagram:
I = Gp(zY=Z/pL ~ Gp(F)=Z/p’L ~ Gp(y)=1/pL — 1
¢ \ I
1 - 4 - U - P - 1

The class of the upper extension is represented by z; '; hence so is that of the lower
extension. '
Changing to additive notation, we may identify x with —z; = x,. O
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PROPOSITION 10.6. Let P and V be as in §9, and let p > 3. Then
() H'(V,F)? = Faq,,
(ii) H*(V,F)’ = Fa,a, © Féa,,
(1ii)
H3(V, F)’ = Fa 0,0, ® Fada; © F(a,8a, — ayda;)
®F(a,80a; + a;80a; — a,da, + a,da;).

PROOF. (i) is clear. (11) follows easily since H%(V,F) = A\ *V + 8V (as an F(P)-
module), and A2V = V.

To prove (iii), note first that H3(V,F) = N’V & PV (as an F(P)-module).
Moreover, /A >V =F, and

N

PoV=VeVv=AV®VoVp.

i

Again, A*V =7V and a basic invariant is a, N\ a,. Tracing back through the
identifications yields first a; ® a, — a, ® a, and then a,8a, — a,0a;.
To calculate (V o V)P, lety = 32_ ba; 0o a; + 2, b, ; © a; be invariant. Then

i<jYij<i

y(v) = bja; o a; + ba, ° a, + 2bya; ° &, + bya, © @
+bya; 0 ay + 2bya, 0 a; + by, © a,
Fbpoy 0 ap by 0 ay + by 0y + bpas 0w
+bya © a3 + bpsay 0 a3 + bz 0y + by 0 ay.
Hence, b, + by, = by + by; = 2b, + by3 + b3 = 2b; = by; = 0. Thus, by = b,; = 0,
b, =-b,, b3 = -2b,, and
Yy=baoa; + blayoa, —a0a, = 2a,°a,).

Tracing through the identifications yields «; ° a; > 2a,8a; and a, ° a, —
00, — 2a;° ay > 2a,0a; — afa, — ayda; — 2a8a; — 2a30a,. Adding «,da,
— a,0a, yields

2(aypa, — a8a, — a8a; — azda,)

as required. [

PROPOSITION 10.7. Let 1 > V — U — P - 1 be the extension in 10.5, and assume
p > 3. The second term A = (—1)**1¢ U 7(Q«(x)) in the Charlap-Vasquez decomposi-
tion (10.1) is given as follows (s = 0 in all cases):

®

§=a: A=0 inH*(P,F)=
(i1)

= : A=0 N .
é_g;a? A—o} inH*(P,V)=VP>,
= bay: -
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(iii)
£ = o054 A=—-jaa,
§=aba;: A=0
§=a0a, — a,ba;: A=0
£ =aba; + a8a, — a,8a, + ada;: A= -38q

in H¥(P, H¥(V,F)) = (A\*V) @ (s7)". O

PROOF. Recall first that given a P-pairing ¢: A ® B - C, if a € H'(P, A) is
represented by a € 4 and B € H'(P, B) is represented by b € B, then a U B €
H**'(P,C) is represented by g(a ® b) provided s or t is even. (See [C-E, Chapter
X11, §7].)

Abbreviate z = §x,, and use the bases and dual bases given in Proposition 10.4

@

1Nz=1x;,500(z) =11®x;(1 € H'(V,F)) (use (10.2)).
Hence (from (10.0)),
o U qQ*(X) = %‘I(al ®(1e x3)) = 1a,(x;) = 0.
(i) x,Nz=13x,Nx3,x,Nz=13x,Nx3,Xx3Nz=0,50
0(z) =3(a; ®x; N x5 + &, ® x, N x3).

Hence, a0, U, Q,(x) = 3[9(aa; ® (a; & x; N x3)) + gy, ® (&, B x, N x3))]
=0,and a; U ,Q,(x) = 0.

i) x, Nx, Nz=4x, Nx, Nx3, x;, Nx3Nz=x,Nx3Nz=0,
p(x)Nz=4x;Np(x;),i=1,23,s0

3
0(z) = % a0, ®x, Nxy Nx,+ 8, ®x; Np(x,)].

i=1

Hence,
a0 U qQ*(X) = 3q(aa03) ® (e, ® x; N x, N x3)
= Ja,0,05(x; N x, N x3)a0, = Taqa,,
ada; U qQ*(X) =0, (a)8a; — ayda)) U qQ*(X) =0,
(ayday + a8a) — ayda, + ayda;) U, 0,(x)
= 1[(as8a,)(x; N p(x,))8e;] = 18a;. O

11. d, for the split extension. Let U = P X V. Write V additively, and denote the
action of P on V by y(v). We shall calculate d5P'(¢) by making use of explicit
resolutions. Let X = @ Z[V][v,, v,,...,v,] be the standard Z[V']-free resolution of
Z. Recall that

n—1 )
d,[v,,05,...,0,] =0v,[0,,...,0,] + 2 (=1)'[v},....,0, + 0,1 1,...,0,]

i=1

+ (_1)"['3“ 02""’vn—l]
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and ¢/([-]) = 1. Note also that P acts on X by y(v[v,, v,,...,0,]) =
(O ¥(0,), (), .., y(v,)]- Also, d, y(x) = y(dx), &(y(x)) = &(x), and y(vx) =
y(v)y(x). Let Y be the usual minimal Z[P]-free resolution of Z. In particular,
Y, = ZIPy,, dpy2n = Tan—1s dpYan—1=(y = Dyrpy (n>0), and epy, = 1.
(T=1+y+y*+ - +yrl)

Make Y ® X into a Z[P X V]-resolution of Z as usual. In particular, define
Yy ® x,) = y(y;) ® ¥(x,), o(y; ® x,) = y, ® vx,.

PROPOSITION 11.1. Y ® X is a Z[U-free resolution of Z.

PrOOF. We have an isomorphism of Z[{U]-modules Z[U]®, X, = Z[P] ® X, =
Y, ® X, defined by vy ® x > y ® v( p(x)). The left-hand side is Z[U ]-free since X, is
Z[V)-free. O

It follows that H*(U, F) is the homology of the complex

C = Homg (Y ® X, F) = Homy (Y, Homg,,,( X, F)).

Cisin fact a double complex with differentials defined as follows: Since Y, = Z[ P] y,,
we may identify C*'= Hom x(Z[P], Hom,(X,,F)) = Hom,(X,,F). Then dj'=
(—1)’d}, and

(y—1)f, seven,s>0,
duf=
Tf, 5 odd.

As usual, d\dy; + dyd; = 0.
The double complex yields a spectral sequence with E5' = HS(P, H(V,F)) =
H}y(H{(C)) and limit H,,,(C) = H*(U,F).

PROPOSITION 11.2. The spectral sequence is the Lyndon-Hochschild-Serre spectral
sequence of the split group extension1 - V - U - P - 1.

Proor. The Lyndon-Hochschild-Serre spectral sequence may be realized as the
spectral sequence gf the double complex (as above) Homg (Y, Homy, (W, F))
where W is any Z(U )-projective resolution of Z (see Evens [E)). Since X is an acyclic
Z(U)-complex over Z, there is a map of Z(U )-complexes over Z, G: W — X (and G
is unique up to Z(U )-chain homotopy). Since such a G is also a Z(V )-map, and since
X and W are projective Z(V )-resolutions of Z, G is an isomorphism up to
Z(V')-chain homotopy. G induces a morphism of double complexes

Homg, (Y, Homy, (X, F)) > Homz“p)( Y, Homy,,,(W,F))
which by the above remark yields an isomorphism (the identity)
Hom (Y, H*(V,F)) - Homy, (Y, H*(V,F))

on the E|-level (and hence for E,, r = 1).

Arguing for W exactly as for X, we see Y ® W is also a Z(U )-projective resolution
of Z and id ® G: Y® W — Y ® X induces the identity H*(U,F) - H*(U,F) for
cohomology of the two corresponding fotal complexes Homy, (Y, Homg,, (X, F))
and Homy (Y, Homg ,(W,F)). O
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To calculate d¥‘a for a € H(V,F)*, proceed as follows. Choose a cocycle
a € Hom (X, F) representing a. Since ya = a, we have (y — 1)a = d,b where
b € Hom,(X,_,,F). Then

dla+b)=(dy+dy)a+b)=dya+(y—1)a+(—1)d,b+Tb
=0+ (y—1)a—d,b+ Tb=Tb.

Hence,

(11.3) a + b represents a € EY"' and d(a + b) = Tb represents d,a € EZ '™,

We are now ready to calculate 45 for ¢ = 1,2, 3. First, d>"' = 0 since the splitting
implies E¥® = H*(P,F) is a direct summand of H*(U,F).

PROPOSITION 11.4. For p > 3,
d¥?*(aya,) =0, dY?*0a, =0.

PROOF. Let a, be identical with «; but viewed as a l-cocycle on V. Then a,a,
represents «,a,, and ya, = a,, ya2 a, +a,, ya3 =a, t+ a;, so y(aa,) =
a? + a,a,. Hence, (y — 1)(a,a,) = a}. Moreover, a} = d, u, where u,(v) = - }i}
for v = i\x, +i,x, + i;x; € V. Hence, d,(a,a,) is represented by Tu,. However,
by 9.2, y~(v) =i, x, + (iy + iy)x, + (i, + i3)x;, 50 yu(v) = - 4i} and yu, = u,.
Hence, Tu, = pu, = 0.

To show d,8a, = 0, we use d,a; = 0 and the following result.

LEMMA 11.5. The diagram below anticommutes.

H*(P,8)
H*(P, H'(V,F)) - H*(P, H""Y(V,F))
ldé'l ld%‘ﬁl
H:+2 P.8)
H**(P, H\(V,F)) 5 H***(P, H(V,F))

( By abuse of notation d,86 + 6d, = 0.)

Proor. We prove a somewhat more general result. Let A be a Z-free double
complex and put A = A /pA. (In particular, consider 4 = Hom ,(Y, Hom, (X, Z)).)
Leta € Hu(H*(A)) be represented by @ + b wherea € A%, b € A", d,a = 0,
dya+ d;b =0. Then d,a is represented byd(a + b) = de Let a€ 4™, b€
AT represent @ and b respectively. Then d,a = pg for g € 4'*!, and dua +
dib —ph =0 for h € A**"". Hence, dyda = pdy g, and didya — pdih = 0; so
—dydya — pdih =0, and p(dy g +dh) =0. Since 4 is Z-free dyg + djh = 0.
Clearly, g + h represents da € H}(H{"'(A)), and d;h represents d,8a. However,
from dya + d;b — ph =0, we also obtain dyd;b = pdyh or —ddyb = pdyh.
Since d b € A°+>"~! represents d; b € A°*2'"! (representing d,a), it follows that
—d;h represents 8d,a as required. O

PROPOSITION 11.6. For p > 3,
d¥3(a8a)) =0, d¥*(aba, — ada;) =0.
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PROOF. The first result follows since E, is a differential ring and d,a; = d,6a; = 0.
The second follows by Lemma 11.5 since &(a,a,) = (8a,)a, — a;(8a,) and
dy(aa,)=0. O

PROPOSITION 11.7. For p > 3,

dg'3(a,a2a3) =0.

PROOF.
(y — D(ayaza3) = a\(a, + a,)(a, + a3) — a\a,a;
= aja, + afay + a,dl.
However, a} = d, u, where u,(v) = - 3i} for v = i,x, + iyx, + i;x;. Hence,

(y— 1)(‘1102“3) = (qul)aZ +(quI)a3 t+adyu,

=d,(ua, + ua; — ayu,).

Call the expression in parentheses c. Since yu; = u,, ya, = a,, we have Tc = u,Ta,
+ u,Ta; — a,Tu,. Because TV =0, Ta, = Ta; = 0, and Tc = —a,Tu,. From (9.2),
we see that (yu,)(v) = — (i, + i,)* Hence,

S (i +iy)

Jj=0

[z

Thus Tc = 0 as required. O

1 7o
(Tip)(0) =~ 3
p—1
2

Jj=0

i +2 ii, + pi3l =0 forp>3.

PROPOSITION 11.8. For p > 3,
dP3(a8ay + a8a; — ayda, + a,8a;) = 2a,a,.
PrOOF. Recall that 8« is represented by da, defined by
5a,( = 0, O0=<i,+j,<p,
WO p<ic+ie<2p,

where v = i x; + iy x; + isx3, w = jix, + jox, + j3x5,0 < iy, j, <p.

We introduce some notation from computer programming. If k = pg + r,0 <r <
p, write k/p = q and mod(k) = r. Then, 8a,(v, w) = (i, +j)/p. (k/p and mod(k)

are integers, but we shall abuse notation by viewing them in Z /pZ = F. The context
will make clear which is meant.)

LEMMA 11.9. Fork = 2,3,
yéa, =da, |+ ba,+d,f,
where f,(v) = —(i,_, + i,)/p. Also, yba, = da,.
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PrOOF. We do the case kK =2. From (9.2), y '(v) =ix, + (i; +iy)x, +
(i, + i3)x;. Hence, (y8a, ) (v, w) = 8a,(v’, w’) where
v = ix; + mod(i, +i,)x, + mod(i, + iy)x,,
w' = jix, + mOd(jl + )%, + mod( j, +j3)x3.
Hence, (yda,)(v, w) = (mod(i, + i,) + mod(j, + j,))/p. Hence,
(y8a2 —8a, — 8a,)(v,w) = (»)
where
(») = (mOd(il + i,) + mod( j, +j2))/P - (i +7)/p — (i, +4)/p-
On the other hand, d, f,(v, w) = (**) where
(»*)=-(j +i)/p+ (mOd(il + 1) + mod(i, +j2))/P — (i, +1i,)/p.
However,
i+ :P((i] +jl)/P) + mod(i, + ),
iyt jp = P((iz +jz)/P) + mod(i2 + 1),

sO,
hthti,+ ), :P[(il +)/p + (i, +j2)/P]
+mod(i; +j,) + mod(i, + j,),
and
(i +j)/p iy + i) /p=(i i T i, +5)/p
_[mOd(iI +j;) + mod(i, +j2)]/P-
Hence,

(+) =[mod(i, + iy) + mod(jy +j5)]/p +[mod(i) + ;) + mod(i, + j,)] /p
- (il t5 Tt +f2)/P~
Similarly,
(i +i)/p+(h+h)/p=(+iy+j+1)/p
—(mod(i, + i,) + mod( +4))/p
SO
(¥%) = (mOd(il + /1) + mod(i, +fz))/P
+(mod(i, + i) + mod(j, +j2))/P — (i, + iy +ji +4)/p.

Hence, (**) = (*) as required. O
To continue the proof of the proposition, calculate as follows using (11.3).

(y — D(a\da; + asda, — a,da, + ayda,)
=a,8a, + 8a; +d,f;) + (a, + a;)8a, — (a, + a,)(8a, +8a, +d,f,)
+ (a, + a,)8a, — a,8ay — asda, + a,da, — a,da,
=adyf; — (a, + a))d, f,
=dy(—afy + (a; + a)) fy).
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We need to calculate Tc where ¢ = (a, + a,)f, — a, f;. We have
Te = T(a,f,) + T(a,f,) — T(a,f;)
=a\Tf, + T(ay /) — a\Tfs.

However,
p—1 p—1
T(a,f,) = 2 (ykaz)(ykfz) = kEO (ka, + az)(ykfz)
k=0 =
p—1
:al( 2 k' |+ ay(Th).
k=0

Thus, Tc = (a, + a,)Tf, + a|(T'f, — Tf;) where T'f, = Zf_} ky*f,. We shall show
that Tf, = —a, and T'f, — Tf, = § a, + a,. From this it follows that

Tc = - (a, + a,)a, + a,(3a, + a,)
=a,a, — aya; — 3a7 = M8y T 4y zdyu,.

Thus, Tc represents oo, — a0, = 2, as required.

Thus, we need only establish

LemMa 11.10. Tf, = -a,, T'f, — Tf, = 3a, + a,.

Proor. Define i{), k =0,1,...,p, inductively by i =i,, i, +i{" = pq, +
iS00 < i) < p. (i59 is the coefficient of x, iny kv for v = i x, + iyx, + i3x;.)

Then adding yields

p—1 p—1

(+) pi+ X iy =p 2 G+ 2 i)
k=0 k=0 k=1
From this we conclude i”’ =i{’) mod p so i{”’ =i,. Again, from () we get
3026 qi = i,. However, (y*,)(v) = (¥ *v) = -(i, + i$9)/p = —q; s0 (TH)(v) =
-2fZ0 4k = i) = —ay(v), and Tf, = —a,.
Furthermore, multiplying i, + i$*) = pq, + i{**? by k and adding yields

p—1 p—1
( > ki, + 2 ki) =p ¥ kg, + 3 kik*h.
k=0 k=0
But,
p—1 14 p p
S k=3 (k- )i = 3 ki) - 3 i
k=0 k=1 k=1 k=1
p—1 p—1
= 3 kg0 +piy — 3 ig0
k=0 k=0

(use i) = i = i,). Putting this in the above equation yields

-1 p—l.
—p(p2 y 2 kqi + piy — X i

k—O k=0
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Hence,
p—1

()0 = S k(o) == S ka

—1
_op—1 1]~
——Tlﬂ“lz—;(x (2k))-

To calculate Tf;, define i{* inductively by i) = i5, i%® + {0 = pr, + %D,
0< f'g“'f <p. (i{ is the coefficient of x; in y *v for v =i;x, + i,x, + iyx3.)
Adding yields

2 i+ 2 I(k)—pz re + 21(")

k=0 k=

Ifi, = 0,320 i = piy; 1f1, # 0, 1(0) i,...,i%~ " is a permutation of 0, 1,2,...,p
— 1,and Zf°, 12"’ = p(p — 1)/2. In either case, the sum is = 0 mod p. As above, it
follows that i{” = i{) = i,, and

(TH)(v) =~ 2 n =~

5

1
P
Hence,
(T)0) — ()(0) = L Di iy =2+,
Thus T'f, — Tf, = ja, + a, as claimed. O
12. 42 for GL(2, p). We may summarize the results of §§10 and 11 in a table.
PROPOSITION 12.1. For p > 3, d%'¢ is given in Table 2 for t = 1,2, 3.

TABLE 2
¢ Split case Nonsplit case U
a, 0 0
a,a, 0 0
da, 0 0
a,a,0, 0 3000,
aba 0 0
aba, — a,0a, 0 0
ada; + ayda; — ayda, + ayda; 2 a, 2a,a, — 38a;

We now make the transition to GL(2, p) and then to homology. We need only
concern ourselves with ¢ = 3. Using additive notation, we have z, = e,,, z, = h,
and z, = e, and we denote the dual basis by e?', 4", and e'*. Referring to §9, we see
easily that e?! = a,, h' = a5, '> = —a, — 2a;. We know (by Proposition 3.2) that
HYGL(2, p), H>(V,F)) (dual to H(GL(2, p), Hy(V,F))) is 2 dimensional, and it is
easy to see that it is the subspace of H*(V,F)” spanned by x, = e*'h'e'* =
2a0,a; and x, = e2'8e'? + e'28e?! + 2h'0h' = —a;0a, — 2e8a; — a,0a; —
20;8a,+2a,8a, or

X, = -2(a8a; + as8a; — ayda, + ayda)) — (8a; — a,da;).
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From Table 2, we have

PROPOSITION 12.2. For p > 3, d)-3(¢) is given by

£ Split case Nonsplit case
X1 0 aa;
X2 —4aa, —4a,a, + da,

Note. d,(¢) € HX(GL(2, p), H*(V,F)) but we may identify this group with
H*(P, H*(V,F)) = (A 2Y)? & V* through restriction. For, by Proposition 5.2,
N /\
H?(GL(2, p),V;) = H,(GL(2, p),V) = Z/pZ,

so res: H*(GL(2, p), V)y-HXP, V)= Z/pZ is an isomorphism. Since VAV =V
also, the above contention follows.

It now follows that d23: HY(GL(2, p), H*(V,,F)) - H*GL(2, p), H*(V,,F)) has
rank one in the split case and is an isomorphism in the nonsplit case. By duality, we
have

PROPOSITION 12.3. For p > 3, we have that (a) d3 ,: H(GL(2, p), Hy(V,,Z/pZ))
- Hy(GL(2, p), H(V,,Z/pZ)) is an isomorphism for the nonsplit extension
1> ¥, - SL2, p*) > GL(2, p) > 1 and

(b) d; , has rank 1 for the corresponding split extension.

To deal with integral homology, we consider dually the coefficient group Q/Z.
P
The exact sequence 0 - Z/pZ - Q/Z - Q/Z - 0 yields
0 H(V,,Q/Z) » H>(V,,Z/pZ) > H(V,,Q/Z) - 0.

Since

H'(GL(2, p), H*(V;,Q/2Z)) = A(GL(2, p), Hy(V3,Z)) = 0
for r = 0,1 (Proposition 5.2 and ¥, A\ V, = V), we have
H°(GL(2, p), H’(V;,Z/pZ)) =H°(GL(2, p), H*(V,,Q/Z)).
Similarly, we have 0 — H'(V,,Q/Z) — HX(V,,Z/pZ) - H*(V,,Q/Z) - 0, and

/\
H*(GL(2, p), H'(V;,Q/Z)) = H,(GL(2, p).¥;) = 0
(Proposition 5.2). Hence,
H*(GL(2, p), H(V,,Z/pZ)) - H*(GL(2, p), H*(V;,Q/Z))

is an epimorphism. It now follows easily that for the nonsplit extension d?-*:
HGL(2, p), H(V;,Q/Z)) » H*(GL(2, p), H*(V;,Q/Z)) is an epimorphism. To
deal with the split extension, consider

0 - Z/pZ - Z/p°Z - Z/pZ — 0
[l | I

0 - Zpz - Q1 % qQuz - o
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It follows that da; € H(V,,Z/pZ) is in the image of H'(V,, Q/Z); hence, da, > 0
in H*(V,, Q/Z). Thus, under the epimorphism

H*(GL(2, p), H*(V;,Z/pZ)) -~ H*(GL(2, p), H*(V,,Q/Z)),

the image of a,a, (viewed as an element on the left through res™') spans
H*(GL(2, p), H*(V,,Q/Z)). Since d¥3x, = -4a,a,, it follows that d¥? is an
epimorphism for Q/Z. By duality, we have

PROPOSITION 12.4. For p > 3, we have for both (a) split and (b) nonsplit extensions,
d22.2: HZ(GL(2’ P), HZ( V2 > Z)) - HO(GL(zs P), H3(V2 H Z))

is a monomorphism (so its image has dimension 1).
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